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We investigate a topological superconducting wire with balanced gain and loss that is effectively
described by the non-Hermitian Kitaev/Majorana chain with parity-time symmetry. This system
is shown to possess two distinct types of unconventional edge modes, those with complex energies
and nonorthogonal Majorana zero modes. The latter edge modes cause nonlocal particle transport
with currents that are localized at the edges and absent in the bulk. This anomalous particle trans-
port results from the interplay between parity-time symmetry (non-Hermiticity) and topological
superconductivity.
I. INTRODUCTION
The past decade has witnessed a plethora of nonequi-
librium phenomena with balanced gain and loss, which
are described by non-Hermitian Hamiltonians with
parity-time (PT) symmetry [1, 2]. PT-symmetric sys-
tems have two distinct phases, the unbroken phase with
entirely real spectra and the broken phase with some
eigenenergies forming complex conjugate pairs [3]. Be-
tween the two phases occurs unusual spontaneous sym-
metry breaking accompanied by an exceptional point, at
which some eigenstates coalesce with strong nonorthogo-
nality [4, 5]. The PT-symmetry breaking found numerous
applications unique to nonconservative systems [6–19],
such as unidirectional invisibility [9–11], laser-mode se-
lectivity [12, 13], and enhanced sensitivity [18, 19]. More-
over, distinctive aspects of PT-symmetric open quantum
systems were revealed [20–34], including speed limits [20],
entanglement [26], and information [31].
Recently, there has been remarkable progress in topo-
logical characterization of non-Hermitian systems [35–59]
beyond the existing framework of closed systems [60].
While the hallmark of topological phases is the emer-
gence of localized states at the boundaries as a result of
topologically nontrivial bulk properties, non-Hermiticity
makes the boundary states amplified (lasing) [39–46]
and anomalous [49]. Furthermore, emergent Majorana
fermions at the edges, which are reminiscent of the con-
ventional topological superconducting wires, were shown
to persist even in the presence of gain and loss [61–
65]. However, little has been known about unique non-
Hermitian features of PT-symmetric topological super-
conductors that have no Hermitian counterparts.
This work explores nonequilibrium topological phe-
nomena induced by the interplay between PT symme-
try and topological superconductivity. We consider a
topological superconducting wire with balanced gain and
loss and reveal that non-Hermiticity makes its Majorana
edge modes nonorthogonal, which causes nonlocal parti-
cle transport with anomalous currents that are present
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only at the edges. Moreover, we find unconventional
edge modes with complex eigenenergies caused by PT-
symmetry breaking. These complex edge modes are in-
duced by the localized structure of gain and loss and
thus essentially different from the Majorana edge modes,
which originate from the nontrivial topology. We demon-
strate that the complex edge modes can be identified as
the additional unpaired Majorana fermions at the PT-
transition point by explicitly transforming the original
non-Hermitian Hamiltonian in the PT-unbroken phase
to the Hermitian Hamiltonian with the same real spec-
trum. While most research on PT-symmetric systems has
mainly focused on one-body systems, the transformation
presented here is inherent in many-particle systems and
thus provides a fresh view on PT-symmetry breaking in
many-particle systems.
This paper is organized as follows. In Sec. II, we intro-
duce the model and describe its symmetry. In Sec. III, we
investigate two distinct types of edge modes, the Majo-
rana zero edge modes and complex edge modes. We also
numerically demonstrate their robustness against disor-
der. In Sec. IV, we explicitly construct the transforma-
tion from the original non-Hermitian Hamiltonian in the
PT-unbroken phase to the Hermitian Hamiltonian with
the same real spectrum. In Sec. V, we consider the par-
ticle currents through fermionic systems induced by non-
Hermiticity. After clarifying that such particle currents
are generated by the nonorthogonality of quasiparticles
with a simple PT-symmetric fermionic system with two
sites, we demonstrate the emergence of a nonlocal cur-
rent localized at the edges in the PT-symmetric topolog-
ical superconductor. In Sec. VI, we conclude this paper
with discussions on a possible experimental setup and
some outlooks. In Appendix A, we summarize funda-
mental discrete symmetries and their constraints for non-
Hermitian Hamiltonians. In Appendix B, we analytically
evaluate finite-size modifications of the edge modes. In
Appendix C, we describe detailed calculations on pseudo-
Hermiticity of the PT-symmetric topological supercon-
ductor. In Appendix D, we provide generic numerics for
non-Hermitian free fermions. In Appendix E, we give
detailed calculations on the PT-symmetric fermionic sys-
tem with two sites.
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2II. MODEL AND SYMMETRY
We study a one-dimensional spinless p-wave supercon-
ductor with gain at one edge and loss at the other. The
Hamiltonian reads
HˆPT =
L−1∑
j=1
(
−J cˆ†j cˆj+1 + i∆ cˆj cˆj+1 + H.c.
)
− µ
L∑
j=1
(
cˆ†j cˆj −
1
2
)
− iγ
(
cˆ†1cˆ1 − cˆ†LcˆL
)
, (1)
where cˆj (cˆ
†
j) annihilates (creates) a fermion on site j,
and J, ∆, µ, γ ∈ R respectively denote the hopping am-
plitude, the p -wave pairing gap, the chemical potential,
and the balanced gain and loss. We assume J, ∆, γ ≥ 0
for simplicity. The Hermitian part Hˆ0 := (HˆPT+Hˆ
†
PT)/2
describes the Kitaev model for topological superconduc-
tors [66–68], where the Majorana edge modes emerge
in the topological phase |µ/2J | < 1. It was numeri-
cally demonstrated that they persist even in the non-
Hermitian system HˆPT [63, 64]. Whereas Refs. [63, 64]
are concerned with the fate of the conventional prop-
erties of topological superconductors in the presence of
non-Hermiticity, this work explores nonequilibrium phe-
nomena unique to PT-symmetric topological supercon-
ductors without Hermitian counterparts.
The system has PT symmetry:
(PˆTˆ ) HˆPT (PˆTˆ )−1 = HˆPT, (2)
where parity (spatial reflection) and time reversal act as
Pˆ cˆj Pˆ−1 = cˆL+1−j , Tˆ i Tˆ −1 = −i. (3)
In addition, HˆPT has particle-hole symmetry:
(PˆCˆ) HˆPT (PˆCˆ)−1 = −HˆPT, (4)
where charge conjugation acts as
Cˆ cˆj Cˆ−1 = icˆ†j , Cˆ i Cˆ−1 = −i. (5)
As a combination of the above symmetries, HˆPT also has
chiral symmetry:
Sˆ HˆPT Sˆ−1 = −HˆPT, (6)
with Sˆ := (PˆTˆ )(PˆCˆ) = Tˆ Cˆ. PT symmetry guarantees
the presence of a complex conjugate pair of eigenenergies
(E, E∗) in the spectrum [3] and particle-hole symmetry
leads to (E, −E∗) pairs [47, 59, 69–71], which together
result in the quartet structure (E, E∗, −E, −E∗) (see
Appendix A for details).
In Hermitian Hamiltonians, particle-hole and chiral
symmetries impose the same constraints on the real spec-
trum: the spectrum should be symmetric about zero en-
ergy. In non-Hermitian Hamiltonians, by contrast, they
impose the different constraints on the complex spec-
trum: particle-hole symmetry makes the spectrum sym-
metric about the imaginary axis, while chiral symme-
try makes the spectrum symmetric about zero energy.
This distinction originates from the fact that particle-
hole symmetry is antiunitary and accompanied by com-
plex conjugation, whereas chiral symmetry is unitary and
unrelated to complex conjugation [59].
III. EDGE MODES
A. Majorana zero edge modes
The crucial feature of topological superconductors is
the emergence of Majorana fermions at their bound-
aries [67, 68]. Especially in one dimension, the Majorana
edge modes Ψˆzero commute with the Hamiltonian, i.e.,
[HˆPT, Ψˆzero] = O (e
−L/ξzero) (7)
with a localization length ξzero > 0, and have finite norms
even in the thermodynamic limit, i.e.,
lim
L→∞
Ψˆ†zeroΨˆzero <∞. (8)
The PT-symmetric superconducting wire HˆPT also pos-
sesses the Majorana edge modes in the topological phase
|µ/2J | < 1 with ΨˆL (R)zero localized at the left (right) edge,
as described in detail below.
The Majorana edge modes in the Kitaev chain with
gain/loss at its boundaries are obtained in a manner sim-
ilar to those in the Kitaev chain with twisted bound-
aries [72–74]. If we introduce Majorana operators
aˆj := cˆje
ipi/4 + cˆ†je
−ipi/4,
bˆj := (cˆje
ipi/4 − cˆ†je−ipi/4)/i,
(9)
the Hamiltonian given by Eq. (1) can be represented as
HˆPT =
i
2

L−1∑
j=1
[
(J + ∆) bˆj aˆj+1 − (J −∆) aˆj bˆj+1
]
−µ
L∑
j=1
aˆj bˆj − iγ
(
aˆ1bˆ1 − aˆLbˆL
) .
(10)
If the Majorana edge modes are expressed as Ψˆzero =∑L
j=1(Aj aˆj + Bj bˆj) with amplitudes Aj , Bj ∈ C, the
Schro¨dinger equation given by Eq. (7) leads to
(J −∆)Aj−1 + µAj + (J + ∆)Aj+1 = 0,
(J + ∆)Bj−1 + µBj + (J −∆)Bj+1 = 0 (11)
3in the bulk (j = 2, 3 · · · , L− 1) and
(µ+ iγ)A1 + (J + ∆)A2 = 0,
(J −∆)AL−1 + (µ− iγ)AL = 0,
(µ+ iγ)B1 + (J −∆)B2 = 0,
(J + ∆)BL−1 + (µ− iγ)BL = 0
(12)
at the boundaries. We here take the thermodynamic
limit L→∞ (see Appendix B for details about the finite-
size modifications). Since Aj and Bj are independent of
each other, we consider Ψˆzero described by aˆj , which is lo-
calized at the left edge (Ψˆzero described by bˆj is localized
at the right edge).
The bulk conditions given by Eq. (11) form second-
order linear recurrence equations. Hence their general
solutions can be written as Aj = A+λ
j
+ + A−λ
j
−, where
λ± are the solutions of the characteristic equation
(J + ∆)λ2± + µλ± + (J −∆) = 0, (13)
which leads to
λ± =
−µ±√µ2 − 4 (J2 −∆2)
2 (J + ∆)
. (14)
Here the absolute values of λ± should be less than 1 in or-
der for ΨˆLzero to satisfy the normalization condition given
by Eq. (8). This requirement leads to |µ/2J | ≤ 1, which
determines the topological phase. The boundary condi-
tions given by Eq. (12) provide constraints on A±. In
fact, the condition (µ+ iγ)A1 + (J + ∆)A2 = 0 implies
A−
A+
= −J −∆− iγλ+
J −∆− iγλ− . (15)
On the other hand, the condition (J −∆)AL−1 +
(µ− iγ)AL = 0 always holds for the thermodynamic
limit L→∞ in the topological phase (|λ±| ≤ 1).
In the case of J = ∆, the Majorana edge modes are
explicitly obtained as
ΨˆLzero ∝ aˆ1 −
µ+ iγ
2J
L∑
j=2
(
− µ
2J
)j−2
aˆj ,
ΨˆRzero ∝ bˆL −
µ− iγ
2J
L∑
j=2
(
− µ
2J
)j−2
bˆL+1−j .
(16)
In stark contrast to Hermitian systems, particle-hole
symmetry PˆCˆ alone cannot protect topological edge
modes to possess zero energy, and their protection in
non-Hermitian systems is due to chiral symmetry Sˆ. The
crucial distinction is that particle-hole symmetry leads to
either ReE = 0 or (E, −E∗) pairs in non-Hermitian sys-
tems [47, 59, 69–71], whereas it leads to either E = 0
or (E, −E) pairs in Hermitian systems. As a result,
topological edge modes protected by particle-hole sym-
metry are not restricted to zero energy and can have pure
imaginary energies [70]. On the other hand, topological
edge modes protected by chiral symmetry are restricted
to zero energy even in non-Hermitian systems: if a zero
mode Ψˆzero localized at one edge is perturbed to have
a nonzero energy δ 6= 0, there should exist the other
mode SˆΨˆzeroSˆ−1 localized at the same edge with energy
−δ, which is incompatible with the assumption that the
number of topologically protected edge modes is at most
one per one edge in the presence of an energy gap [75].
Although the Majorana edge modes Ψˆzero persist even
in the presence of gain and loss, non-Hermiticity modifies
their anticommutation relations. Provided J = ∆, ΨˆLzero
in Eq. (16) satisfies
{ΨˆLzero, (ΨˆLzero)†} = 2
(
1 +
γ2
4J2
)
,
{ΨˆLzero, ΨˆLzero} = 2
(
1 +
γ (2iµ− γ)
4J2
)
,
(17)
where ΨˆLzero is normalized so that Ψˆ
L
zero satisfies the
canonical Majorana fermion anticommutation relations
in the Hermitian limit (γ = 0). These anomalous anti-
commutation relations make a sharp contrast with the
canonical anticommutation relations for ordinary Majo-
rana fermions. They arise from the nonorthogonality
of eigenstates of non-Hermitian Hamiltonians [76] and
generate an anomalous particle current unique to non-
Hermitian systems, as described in Sec. V.
B. Complex edge modes
Apart from the Majorana zero edge modes, there
emerge additional edge modes with complex eigenener-
gies induced by PT-symmetry breaking. These complex
edge modes satisfy
[HˆPT, Ψˆcomplex] = E Ψˆcomplex +O (e
−L/ξcomplex) (18)
with eigenenergy E ∈ C and a localization length
ξcomplex > 0, and
lim
L→∞
Ψˆ†complexΨˆcomplex <∞. (19)
Although determining eigenmodes is not feasible in gen-
eral, focusing on the edges is sufficient to obtain Ψˆcomplex
since they are localized.
We determine the complex edge modes localized at the
left edge in the case of J = ∆ for the sake of simplicity,
but the generalization is straightforward. If the complex
edge modes are expressed as
ΨˆLcomplex ∝ aˆ1 + x
L∑
j=2
λj−2aˆj + y
L∑
j=1
λj−1bˆj , (20)
the Schro¨dinger equation given by Eq. (18) leads to
− i (µ+ iγ) y = E, i (2Jx+ µ+ iγ) = Ey (21)
4FIG. 1. (a) Phase diagram of the PT-symmetric Majorana
chain with J = ∆. The topological (trivial) phase lies in
the region |µ/2J | < (>) 1, while the PT-unbroken (-broken)
phase lies in the region γ < (>)
√
2 |µ| (√J2 + µ2 − |µ|).
The sweet spot (J = ∆, µ = 0) is singular, where the PT
phase boundary lies at γ = 2J . (b-e) Complex spectra of
the PT-symmetric Majorana chain (L = 200; J = ∆ = 0.5).
(b) Topological and PT-unbroken phase (µ = 0.2, γ = 0.2);
Majorana zero edge modes (blue dots) emerge. (c) Topo-
logical and PT-broken phase (µ = 0.2, γ = 1.0); both
Majorana zero edge modes (blue dots) and complex edge
modes (red dots) emerge. (d) Trivial and PT-unbroken phase
(µ = 1.5, γ = 0.2); no edge modes emerge. (e) Trivial and
PT-broken phase (µ = 1.5, γ = 1.0); complex edge modes
(red dots) emerge.
at the left edge, and
−i (2J + µλ)λj−2y = Eλj−2x,
i
(
2J + µλ−1
)
λj−1x = Eλj−1y
(22)
in the bulk (j ≥ 2). We here take the semi-infinite limit
L→∞ and neglect the effect of the right edge (see Ap-
pendix B for details about the finite-size modifications).
If µ 6= 0 is assumed, both Eq. (21) and Eq. (22) imply
λ =
2Jµ
γ (2iµ− γ) , (23)
and
x =
2J (µ+ iγ)
γ (2iµ− γ) , y = ±
(
−1− 4J
2
γ (2iµ− γ)
)1/2
. (24)
To ensure the normalization condition given by Eq. (19),
the localization length ξcomplex = − (log |λ|)−1 should be
positive. We thus need
γ >
√
2 |µ| (
√
J2 + µ2 − |µ|) (25)
for the presence of the complex edge modes, which also
specifies the PT-broken phase (Fig. 1 (a)) [77]. The lo-
calization length ξcomplex diverges at the PT-transition
point, where the complex edge modes coalesce and form
exceptional points, and gets shorter with increasing the
non-Hermiticity γ. We here remark that the sweet spot
(J = ∆, µ = 0) is singular in the phase diagram, at which
λ is zero and the Majorana edge modes are perfectly lo-
calized [73, 74], and the PT phase boundary lies not at
γ = 0 but at γ = 2J .
The complex edge modes can shift the imaginary part
of many-particle eigenenergies. As a result, their pres-
ence enhances the number of occupied fermions at the
edges with time, which is a counterpart in many-particle
fermionic systems to the lasing phenomena in classi-
cal [39–45] and quantum [46] optics. We also note that
the complex edge modes come in pairs (E, −E) at one
edge by chiral symmetry [75] and in pairs (E∗, −E∗) at
the other edge by PT symmetry (Fig. 1 (b-e)).
C. Robustness against disorder
Both Majorana zero edge modes and complex edge
modes are immune to disorder. We verify this by numer-
ically finding the single-particle spectrum for the system
with disordered parameters as shown in Fig. 2. Such
disorder breaks PT symmetry and particle-hole symme-
try, but the system nevertheless preserves chiral symme-
try. Consequently, the Majorana edge modes are topo-
logically protected with chiral symmetry against disor-
der (Fig. 2 (a)). On the other hand, the eigenenergies
of the complex edge modes vary with disorder and hence
they are not topologically protected (Fig. 2 (b)). Even so,
there is a substantial imaginary gap between the complex
edge modes and the bulk modes; the number of occupied
fermions at the edges is enhanced with time even in the
presence of disorder.
IV. PSEUDO-HERMITICITY
An important consequence of unbroken PT symme-
try is the existence of the Hermitian Hamiltonian HˆH
that has the same real spectrum as HˆPT. Such a Her-
mitian Hamiltonian can be constructed with a pseudo-
Hermiticity operator ηˆ [78, 79], which is Hermitian and
5FIG. 2. (a) Real and (b) imaginary parts of the single-particle
spectrum as a function of the disorder strength d. Black, red,
and blue dots represent the bulk modes, complex edge modes,
and Majorana edge modes, respectively. The Majorana chain
of L = 200 sites is characterized by the parameters Jj =
0.5 + 0.2j , ∆ = 1.0, γ = 1.0, and µj = 0.5 + d
′
j , where Jj is
the disordered hopping amplitude between sites j − 1 and j,
µj is the disordered chemical potential on site j, and j and
′j are uniform random variables over [−0.5, 0.5].
invertible, and satisfies
ηˆHˆPT = Hˆ
†
PTηˆ. (26)
The reality of the spectrum of HˆPT is equivalent to the
positivity of ηˆ, and HˆH can be obtained with ηˆ as
HˆH = ηˆ
1/2HˆPTηˆ
−1/2. (27)
In principle, ηˆ is determined as ηˆ =
∑
n |ψn〉 〈ψn|, where|ψn〉 is a right eigenstate and the summation runs over
all |ψn〉. In practice, however, its analytical form is diffi-
cult to obtain for systems with multiple degrees of free-
dom, let alone for many-particle systems; exact forms of
ηˆ have never been constructed for many-particle systems,
although pseudo-Hermiticity is fundamentally important
for PT-symmetric systems and has been studied in sev-
eral respects [78–85].
Remarkably, we explicitly obtain ηˆ for HˆPT with odd
L and µ = 0 in the form of the following nonlocal string
operator:
ηˆ =
(
1− iγ
J + ∆
aˆ1aˆ2
)(
1− iγ
J + ∆
bˆ2bˆ3
)
· · ·
· · ·
(
1− iγ
J + ∆
aˆL−2aˆL−1
)(
1− iγ
J + ∆
bˆL−1bˆL
)
. (28)
It is straightforward to confirm that Eq. (28) satisfies
Eq. (26) (see Appendix C for details) and that it is pos-
itive in the PT-unbroken phase (γ < J + ∆). Since ηˆ
FIG. 3. Schematic representations of (a) the original non-
Hermitian Majorana chain HˆPT and (b) the accompanying
Hermitian Majorana chain HˆH constructed with ηˆ. Here aˆj
and bˆj represent Majorana operators, and the lines connecting
them show their couplings. As we approach the PT-transition
point (γ = J + ∆), the complex edge modes appear in the
original representation (a), whereas the additional unpaired
Majorana fermions bˆ1 and aˆL emerge in the transformed rep-
resentation (b).
is composed of the products of up to 2 (L− 1) Majorana
operators, it is nonlocal despite the locality of the non-
Hermitian terms iΓˆ := (HˆPT − Hˆ†PT)/2 = −iγ (cˆ†1cˆ1 −
cˆ†LcˆL). This nonlocality originates from the coexistence
of a commutator and an anticommutator in the pseudo-
Hermiticity algebra: [ηˆ, Hˆ0] + i {ηˆ, Γˆ} = 0.
With the obtained ηˆ, we have (see Appendix C for
derivations)
HˆH =
i
2
(J + ∆) L−2∑
j=2
bˆj aˆj+1 − (J −∆)
L−1∑
j=1
aˆj bˆj+1
+
√
(J + ∆)2 − γ2 (bˆ1aˆ2 + bˆL−1aˆL)
]
. (29)
The balanced gain and loss appear as the couplings aˆ1-
bˆ1 (i.e., the coupling between aˆ1 and bˆ1) and aˆL-bˆL with
their amplitudes γ in the original non-Hermitian Hamil-
tonian HˆPT (see Eq. (10) and Fig. 3 (a)), while they ap-
pear as the couplings bˆ1-aˆ2 and bˆL−1-aˆL with their am-
plitudes
√
(J + ∆)2 − γ2 in the accompanying Hermitian
Hamiltonian HˆH (see Eq. (29) and Fig. 3 (b)). The Majo-
rana edge modes protected by topology are localized near
aˆ1 and bˆL in HˆH. If we increase the gain/loss γ from 0
to J + ∆ and approach the PT-transition point, the cou-
plings bˆ1-aˆ2 and bˆL−1-aˆL gradually decrease and vanish
at the transition point; the additional unpaired Majorana
fermions bˆ1 and aˆL emerge at the PT-transition point.
We note that HˆPT is defective at the transition point
(exceptional point) where the complex edge modes coa-
lesce and linearly depend on each other; the additional
Majorana edge modes in HˆH reflect these lost degrees of
freedom.
6V. PARTICLE CURRENT
It is intuitively reasonable to expect the generation of
currents through the wire with gain and loss. We hence
investigate behavior of a local particle current operator
Iˆj := −iJ (cˆ†j cˆj−1 − cˆ†j−1cˆj) (30)
between sites j − 1 and j. This quantity evaluates the
difference between the hopping from site j − 1 to site
j and that from site j to site j − 1, and hence can
be interpreted as a particle (or electric) current in a
lattice model [33, 86–88]. The current is evaluated by
Ij (t) := 〈Ψ (t) |Iˆj |Ψ (t)〉, where |Ψ (t)〉 is a many-particle
wavefunction obeying the PT dynamics [23, 31]
|Ψ (t)〉 = |Ψ˜ (t)〉√
〈Ψ˜ (t) |Ψ˜ (t)〉
, |Ψ˜ (t)〉 := e−iHˆPTt |Ψ (0)〉 .
(31)
In the following discussion, we take an initial state as a
superposition of excited states with one quasiparticle for
the sake of simplicity:
|Ψ (0)〉 =
L∑
j=1
λj pˆ
†
j |Ω〉 , (32)
where λj ’s are nonzero coefficients, the operators pˆ
†
j ’s cre-
ate quasiparticles, and |Ω〉 is the many-particle vacuum
(ground state). See Appendix D for detailed numerics of
non-Hermitian free fermions.
A. PT-symmetric fermionic system with two sites
The particle current originates from the nonorthogo-
nality [76] of quasiparticles in non-Hermitian systems.
To clarify the underlying physics, we first consider a PT-
symmetric fermionic system with two sites
Hˆ
(2)
PT = −J (cˆ†1cˆ2 + cˆ†2cˆ1)− iγ (cˆ†1cˆ1 − cˆ†2cˆ2), (33)
where J ≥ 0 denotes the hopping amplitude between the
two sites and γ ≥ 0 the balanced gain and loss. We
diagonalize Hˆ
(2)
PT to be
Hˆ
(2)
PT = −E0 (pˆ†1qˆ1 − pˆ†2qˆ2), (34)
where E0 :=
√
J2 − γ2 is the single-particle eigenenergy,
and the quasiparticle operators satisfy
{pˆ†i , qˆj} = δij , {pˆ†i , pˆ†j} = {qˆi, qˆj} = 0. (35)
Here the difference between the left and right eigenstates
pˆi 6= qˆi (i = 1, 2) is unique to non-Hermitian systems.
See Appendix E for details of the following calculations.
FIG. 4. Current-gain/loss characteristics for the PT-
symmetric fermionic system with two sites (J = 1.0; λ1 =
1/
√
5, λ2 = 2/
√
5). The current is the long-time average.
The PT-transition point lies at γ = J = 1.0, at which the
current reaches the maximum.
In the PT-unbroken phase (γ ≤ J), the quasiparticle
operators satisfy(
pˆ1
pˆ2
)
:=
(
1 − (iγ/J) gr
(iγ/J) g∗r 1
)(
qˆ1
qˆ2
)
, (36)
where the off-diagonal term
gr :=
√
1−
( γ
J
)2
+
iγ
J
(37)
measures the degree of the nonorthogonality between pˆi
and qˆi. We take an initial state as |Ψ (0)〉 = (λ1pˆ†1 +
λ2pˆ
†
2) |Ω〉, where |Ω〉 is the vacuum for the quasiparti-
cles (i.e., qˆ1 |Ω〉 = qˆ2 |Ω〉 = 0) and the coefficients satisfy
|λ1|2 + |λ2|2 = 1. The particle current between the two
sites is calculated to be
I (t)
J
=
Im [gr] + 2 Im
[
grλ
∗
1λ2e
−2iE0t]
1 + 2 (γ/J) Im [grλ∗1λ2e−2iE0t]
, (38)
with I (t) := 〈Ψ (t) |Iˆ|Ψ (t)〉 and Iˆ := −iJ (cˆ†2cˆ1 − cˆ†1cˆ2).
Since the time-averaged current is approximately given
by Im [gr] = γ/J , the nonorthogonality characterized by
gr produces a particle current. The current reaches the
maximum at the PT-transition point (γ = J) because
the nonorthogonality becomes maximal there (Fig. 4).
In the PT-broken phase (γ > J), on the other hand,
we have (
pˆ1
pˆ2
)
=
(
1 gc
gc 1
)(
qˆ1
qˆ2
)
, (39)
where the off-diagonal term
gc :=
J
γ
(40)
quantifies the degree of the nonorthogonality between pˆj
and qˆj in the PT-broken phase. This nonorthogonality
decreases with increasing gain/loss; it is maximal at the
7PT-transition point (γ = J). The particle current be-
tween the two sites is calculated to be
I (t)
J
∼ gc
[
1 + 2
(
γ
J
− J
γ
)
Re [λ∗1λ2]
|λ2|2
e−2
√
γ2−J2t
]
,
(41)
for t → ∞. Since the current is evaluated as I →
gcJ for a sufficiently long time, the nonorthogonality
characterized by gc produces a particle current also in
the PT-broken phase. Therefore, we conclude that the
nonorthogonality between the quasiparticles induced by
non-Hermiticity underlies the generation of particle (or
electric) currents through fermionic systems with gain
and loss.
B. Nonlocal edge current
With the observation in the fermionic system with two
sites, we next investigate the particle currents in the
Majorana chain with balanced gain and loss. The re-
sults are summarized in Fig. 5. In the Hermitian case
(Fig. 5 (a,d)), there are no currents either in the bulk or at
the edges, or in either topological or trivial phase. How-
ever, the situation changes in the non-Hermitian case: in
the topological phase (Fig. 5 (b,c)), there appear nonzero
currents at both edges and in both PT-unbroken and PT-
broken phases, whereas no currents flow in the bulk. In
the trivial phase (Fig. 5 (e,f)), by contrast, these currents
are absent even at the edges. The edge current in the
topological phase increases (decreases) with increasing
gain/loss in the PT-unbroken (-broken) phase; it reaches
the maximum at the PT-transition point (Fig. 5 (g)).
Figure 6 shows the dependence of the maximum current
(current at the PT-transition point) on the chain length
L. It is clearly seen that the current in the bulk decreases
according to 1/L, whereas the current at the edge in the
topological phase does not. These results do not depend
on the choice of λj ’s in Eq. (32).
Recalling that such particle currents are generated by
the non-Hermiticity-induced nonorthogonality of quasi-
particles as discussed in the last subsection, the edge cur-
rent in the PT-symmetric Majorana chain is understood
as follows. We first notice that non-Hermitian terms are
present only at the edges in this system. In the bulk,
since all the modes are delocalized, the non-Hermiticity
is weak (∼ 1/L) and so is the nonorthogonality, which
results in no currents. In fact, the currents through the
bulk decrease as 1/L (Fig. 6). At the edges, by contrast,
since localized Majorana modes are present due to topol-
ogy, the non-Hermiticity is not weak (∼ 1) and neither is
the nonorthogonality, which results in the nonlocal edge
current. This anomalous particle current thus originates
from the combination of the nonorthogonality of quasi-
particles induced by non-Hermiticity and the presence
of the nonlocal Majorana edge modes induced by topol-
ogy. Here the complex edge modes also contribute to
FIG. 5. Particle currents through the PT-symmetric Ma-
jorana chains of L = 200 sites with J = ∆ = 0.5. The
red/blue curves represent the currents at the right/left edge
(j = 2/200), while the green curves represent those at the
center of the bulk (j = 100). (a-c) Time evolution of the cur-
rents in the topological phase (µ = 0.2) for the Hermitian case
(γ = 0.0, (a)), the PT-unbroken phase (γ = 0.3, (b)), and the
PT-broken phase (γ = 0.4, (c)). (d-f) Time evolution of the
currents in the trivial phase (µ = 1.5) for the Hermitian case
(γ = 0.0, (d)), the PT-unbroken phase (γ = 0.4, (e)), and
the PT-broken phase (γ = 0.6, (f)). (g) Current-gain/loss
characteristics for the topological phase (µ = 0.2). The cur-
rent is the long-time average. The PT-transition point lies at
γ = 0.37, at which the edge current reaches the maximum.
the edge current; however, their contributions are much
smaller than those of the Majorana edge modes since the
strength of the localization of the complex edge modes
is very weak near the PT-transition point, where their
nonorthogonality gets maximal.
The localized particle current in one dimension is sup-
ported by the background superconducting reservoir [89–
92]. Due to the pairing approximation, the conservation
of particle number is locally violated; however, it is glob-
ally respected due to the nonlocal correlation between the
edges produced by the Majorana edge modes. In fact, the
same amount of current flows into the system at one edge
8FIG. 6. Finite-size scaling of the particle currents at the PT-
transition point. (a) Topological phase (J = ∆ = 0.5, µ =
0.2, γ = 0.365). The current in the bulk decreases according
to 1/L, whereas the current at the edge does not. (b) Trivial
phase (J = ∆ = 0.5, µ = 1.5, γ = 0.490). Both currents in
the bulk and at the edge decrease according to 1/L.
and flows out from the system at the other. Therefore,
our theory is consistent within the BCS approximation.
It is also notable that these anomalous particle currents
cannot be detected by accessing local information of the
bulk alone, which is a signature of topological order.
VI. CONCLUSION AND DISCUSSION
In this work, we have studied a topological supercon-
ducting wire with balanced gain and loss. We have shown
that the complex edge modes emerge at PT-symmetry
breaking, while the additional Majorana edge modes
emerge in the accompanying Hermitian system that has
the same real spectrum as the original non-Hermitian
system in the PT-unbroken phase; these properties are
inherent in PT-symmetric many-particle systems. More-
over, we have unveiled the nonlocal particle current lo-
calized at the edges due to the interplay between PT
symmetry and topology; this nonequilibrium topological
phenomenon is unique to PT-symmetric topological sys-
tems.
An experimental test of our prediction can be per-
formed using fermionic ultracold atoms in a one-
dimensional optical lattice, where effective p-wave su-
perconductivity can be induced by creating Feshbach
molecules via an optical Raman transition [93]. Further-
more, the non-Hermiticity can be implemented by con-
trolling and monitoring the decay of atoms [25, 26, 30]. In
fact, PT-symmetry breaking has recently been observed
in noninteracting ultracold fermionic 6Li atoms [16]. The
complex edge modes can be experimentally probed as
the temporal growth of the number of occupied fermions
at the edges, whereas the nonorthogonal Majorana edge
modes can be observed as the nonlocal particle currents
localized at the edges.
It merits further study to go beyond the BCS ap-
proximation and revisit the particle currents in a non-
Hermitian interacting system that supports Majorana
modes and respects particle-number conservation [94–
97]. It is also of fundamental interest to investigate
a thermodynamic or transport signature of edge states
in non-Hermitian systems. Finally, it is worthwhile
to consider topological quantum computation [98] for
PT-symmetric topological superconductors since non-
Hermiticity effectively changes the anticommutation rela-
tions of Majorana fermions into the unconventional ones
as shown in Eq. (17).
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Appendix A: Symmetries and spectra for
non-Hermitian Hamiltonians
We consider the constraints on a complex spectrum
of a general non-Hermitian Hamiltonian Hˆ imposed by
the presence of symmetries [59]. If the Hamiltonian Hˆ
respects PT symmetry, i.e.,
(PˆTˆ ) Hˆ (PˆTˆ )−1 = Hˆ, (PˆTˆ ) z (PˆTˆ )−1 = z∗ (A1)
for all z ∈ C, and |ψ〉 is an eigenstate of Hˆ with eigenen-
ergy E ∈ C (i.e., Hˆ |ψ〉 = E |ψ〉), we have
Hˆ (PˆTˆ |ψ〉) = PˆTˆ Hˆ |ψ〉 = E∗ (PˆTˆ |ψ〉). (A2)
Hence PˆTˆ |ψ〉 is an eigenstate of Hˆ with eigenenergy E∗.
If |ψ〉 is also an eigenstate of PˆTˆ , we have E = E∗, i.e.,
E ∈ R [3]. Next, if the Hamiltonian Hˆ respects particle-
hole symmetry Cˆ, i.e.,
CˆHˆ Cˆ−1 = −Hˆ, Cˆ z Cˆ−1 = z∗ (A3)
for all z ∈ C, we have
Hˆ (Cˆ |ψ〉) = −CˆHˆ |ψ〉 = −E∗ (Cˆ |ψ〉). (A4)
Hence Cˆ |ψ〉 is an eigenstate of Hˆ with eigenenergy −E∗.
If |ψ〉 is also an eigenstate of Cˆ, we have E = −E∗, i.e.,
E ∈ iR [47, 59, 69–71]. We note that these constraints
reduce to E = 0 or (E, −E) pairs in Hermitian Hamil-
tonians with real spectra. Finally, if the Hamiltonian Hˆ
respects chiral symmetry Sˆ, i.e.,
SˆHˆSˆ−1 = −Hˆ, Sˆ z Sˆ−1 = z (A5)
9for all z ∈ C, we have
Hˆ (Sˆ |ψ〉) = −SˆHˆ |ψ〉 = −E (Sˆ |ψ〉). (A6)
Hence Sˆ |ψ〉 is an eigenstate of Hˆ with eigenenergy −E.
If |ψ〉 is also an eigenstate of Sˆ, we have E = −E, i.e.,
E = 0. We note that these constraints remain the same
for Hermitian Hamiltonians.
Appendix B: Finite-size modifications of edge modes
In the case of J = ∆, we notice that
[HˆPT, aˆj ] =

i (µ+ iγ) bˆ1 (j = 1)
i (2Jbˆj−1 + µbˆj) (2 ≤ j ≤ L− 1)
i (2JbˆL−1 + (µ− iγ) bˆL) (j = L)
, [HˆPT, bˆj ] =

−i ( (µ+ iγ) aˆ1 + 2Jaˆ2) (j = 1)
−i (µaˆj + 2Jaˆj+1) (2 ≤ j ≤ L− 1)
−i (µ− iγ) aˆL (j = L)
.
(B1)
Hence the Majorana edge modes given by Eq. (16) satisfy
[HˆPT, Ψˆ
L
zero] ∝ −2iJ
(
1 +
γ2
µ2
)(
− µ
2J
)L
bˆL, [HˆPT, Ψˆ
R
zero] ∝ 2iJ
(
1 +
γ2
µ2
)(
− µ
2J
)L
aˆ1 (B2)
for arbitrary finite L and the coefficients are exponentially small in L. We note that this exponential modification is
the same as the Hermitian Majorana chain. In addition, the complex edge modes given by Eq. (20) satisfy
[HˆPT, Ψˆ
L
complex]− E ΨˆLcomplex ∝ −λL−1
[
γy aˆL + i (µ+ iγ)
(
iγ
µ
+
4J2
γ (2iµ− γ)
)
bˆL
]
(B3)
for arbitrary finite L and the coefficients are exponentially small in L.
Appendix C: Pseudo-Hermiticity operator
We prove that ηˆ given by Eq. (28) satisfies the pseudo-Hermiticity algebra given by Eq. (26). We here introduce
α := J + ∆, β := J −∆. First we note the following relations:[
ηˆ, bˆ2naˆ2n+1
]
=
(
1− iγ
α
aˆ1aˆ2
)
· · ·
[(
1− iγ
α
bˆ2nbˆ2n+1
)(
1− iγ
α
aˆ2n+1aˆ2n+2
)
, bˆ2naˆ2n+1
]
· · ·
(
1− iγ
α
bˆL−1bˆL
)
= −2iγ
α
(
1− iγ
α
aˆ1aˆ2
)
· · ·
(
1− iγ
α
aˆ2n−1aˆ2n
)(
aˆ2n+1bˆ2n+1 − bˆ2naˆ2n+2
)(
1− iγ
α
bˆ2n+2bˆ2n+3
)
· · ·
(
1− iγ
α
bˆL−1bˆL
)
,[
ηˆ, bˆ2n+1aˆ2n+2
]
=
(
1− iγ
α
aˆ1aˆ2
)
· · ·
[(
1− iγ
α
bˆ2nbˆ2n+1
)(
1− iγ
α
aˆ2n+1aˆ2n+2
)
, bˆ2n+1aˆ2n+2
]
· · ·
(
1− iγ
α
bˆL−1bˆL
)
= +
2iγ
α
(
1− iγ
α
aˆ1aˆ2
)
· · ·
(
1− iγ
α
aˆ2n−1aˆ2n
)(
aˆ2n+1bˆ2n+1 − bˆ2naˆ2n+2
)(
1− iγ
α
bˆ2n+2bˆ2n+3
)
· · ·
(
1− iγ
α
bˆL−1bˆL
)
,
(C1)
leading to [ηˆ, (bˆ2naˆ2n+1 + bˆ2n+1aˆ2n+2)] = 0 for n = 1, 2, · · · , (L−3)/2. In a similar manner, we obtain [ηˆ, (aˆ2n−1bˆ2n+
aˆ2naˆ2n+1)] = 0 for n = 1, 2, · · · , (L− 1)/2. Next we note that{
ηˆ, aˆ1bˆ1
}
=
{
1− iγ
α
aˆ1aˆ2, aˆ1bˆ1
}(
1− iγ
α
bˆ2bˆ3
)
· · ·
(
1− iγ
α
bˆL−1bˆL
)
=
(
2 aˆ1bˆ1
)(
1− iγ
α
bˆ2bˆ3
)
· · ·
(
1− iγ
α
bˆL−1bˆL
)
,{
η, aˆLbˆL
}
=
(
1− iγ
α
aˆ1aˆ2
)
· · ·
(
1− iγ
α
aˆL−2aˆL−1
){
1− iγ
α
bˆL−1bˆL, aˆLbˆL
}
=
(
1− iγ
α
aˆ1aˆ2
)
· · ·
(
1− iγ
α
aˆL−2aˆL−1
)(
2 aˆLbˆL
)
.
(C2)
Hence we have
ηˆHˆPT − Hˆ†PTηˆ =
iα
2
ηˆ, L−1∑
j=1
bˆj aˆj+1
− iβ
2
ηˆ, L−1∑
j=1
aˆj bˆj+1
+ γ
2
{
ηˆ,
(
aˆ1bˆ1 − aˆLbˆL
)}
=
iα
2
[
ηˆ,
(
bˆ1aˆ2 + bˆL−1aˆL
)]
+
γ
2
{
ηˆ,
(
aˆ1bˆ1 − aˆLbˆL
)}
= 0. (C3)
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We here remark that
ηˆ′ =
(
1− iγ
β
bˆ1bˆ2
)(
1− iγ
β
aˆ2aˆ3
)
· · ·
(
1− iγ
β
bˆL−2bˆL−1
)(
1− iγ
β
aˆL−1aˆL
)
(C4)
also satisfies ηˆ′HˆPT − Hˆ†PTηˆ′ = 0, but ηˆ′ ceases to be positive at γ = β, which is below the PT-transition point
(γ = α > β).
In general, it is still difficult to have the accompanying Hermitian Hamiltonian given by Eq. (27) for HˆPT with
L sites even if ηˆ is exactly determined. Nevertheless, HˆH can also be analytically obtained in our model since ηˆ in
Eq. (26) is given by the product of L− 1 commuting operators. We note that(
1− iγ
α
aˆj aˆj+1
)1/2
=
1
2
[(√
1 +
γ
α
+
√
1− γ
α
)
−
(√
1 +
γ
α
−
√
1− γ
α
)
iaˆj aˆj+1
]
,(
1− iγ
α
aˆj aˆj+1
)−1/2
=
1
2
√
1− (γ/α)2
[(√
1 +
γ
α
+
√
1− γ
α
)
+
(√
1 +
γ
α
−
√
1− γ
α
)
iaˆj aˆj+1
]
.
(C5)
We thus have
ηˆ1/2
(
bˆ2naˆ2n+1 + bˆ2n+1aˆ2n+2
)
ηˆ−1/2 = bˆ2naˆ2n+1 + bˆ2n+1aˆ2n+2 (n = 1, 2, · · · , (L− 3)/2) ,
ηˆ1/2
(
aˆ2n−1bˆ2n + aˆ2nbˆ2n+1
)
ηˆ−1/2 = aˆ2n−1bˆ2n + aˆ2nbˆ2n+1 (n = 1, 2, · · · , (L− 1)/2) ,
(C6)
and
ηˆ1/2
(
α bˆ1aˆ2 − iγ aˆ1bˆ1
)
ηˆ−1/2 =
√
α2 − γ2 bˆ1aˆ2, ηˆ1/2
(
α bˆL−1aˆL + iγ aˆLbˆL
)
ηˆ−1/2 =
√
α2 − γ2 bˆL−1aˆL. (C7)
Therefore HH is obtained as Eq. (29).
Appendix D: Non-Hermitian free fermion numerics
We consider the diagonalization of a general non-Hermitian and noninteracting (quadratic) fermionic system Hˆ
with chiral symmetry, including the PT-symmetric Majorana chain HˆPT. The Hamiltonian Hˆ can be expressed as
Hˆ =
(
cˆ† cˆ
)HBdG( cˆcˆ†
)
, (D1)
where cˆ := (cˆ1, · · · , cˆL) (cˆ† := (cˆ†1, · · · , cˆ†L)) is a vector of annihilation (creation) operators. The 2L×2L matrix HBdG
has chiral symmetry, i.e., (τy ⊗ IL)HBdG (τy ⊗ IL) = −HBdG (τy is the Pauli matrix and IL is the L × L identity
matrix), and its spectrum can be represented as (−E1, · · · ,−EL, +E1, · · · ,+EL) (ReEj > 0). If the corresponding
right eigenvectors are denoted by V := (|ϕ1〉 , · · · , |ϕ2L〉), V is nonunitary and V −1 = (〈χ1| , · · · , 〈χ2L|)T , where 〈χj |
is the left eigenvector normalized by 〈χi|ϕj〉 = δij [76]. In addition, V satisfies (τy ⊗ IL)V (τy ⊗ IL) = V due to the
presence of chiral symmetry and thus takes the form of
V =
(
A −B
B A
)
, (D2)
where A and B are L× L matrices. We define the quasiparticles pˆ† := (pˆ†1, · · · , pˆ†L) and qˆ := (qˆ1, · · · , qˆL) by(
qˆ pˆ†
)
:=
(
cˆ† cˆ
)
V,
(
pˆ†
qˆ
)
:= V −1
(
cˆ
cˆ†
)
, (D3)
which satisfy the anticommutation relations
{pˆ†i , qˆj} = δij , {pˆ†i , pˆ†j} = {qˆi, qˆj} = 0. (D4)
Then Hˆ is diagonalized with pˆ†, qˆ as
Hˆ =
(
cˆ† cˆ
)
V
(
V −1HBdGV
)
V −1
(
cˆ
cˆ†
)
=
(
qˆ pˆ†
)
[diag (Ej)]
(
pˆ†
qˆ
)
=
L∑
j=1
(2Ej) pˆ
†
j qˆj −
L∑
j=1
Ej . (D5)
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If the vacuum for the quasiparticles qˆ is defined as |Ω〉 (i.e., qˆj |Ω〉 = 0 for all j), we have
Hˆ (pˆ†j |Ω〉) = (2Ej − E0) (pˆ†j |Ω〉), Hˆ† (qˆ†j |Ω〉) =
(
2E∗j − E∗0
)
(qˆ†j |Ω〉), (D6)
with E0 :=
∑L
j=1Ej . In other words, pˆ
† and qˆ† create right and left single-particle eigenstates, respectively.
We next consider the dynamics of Hˆ. We take an initial state as |Ψ (0)〉 = ∑Lj=1 λj pˆ†j |Ω〉 and then the unnormalized
many-particle wavefunction |Ψ˜ (t)〉 := e−iHˆt |Ψ (0)〉 evolves into
|Ψ˜ (t)〉 = eiE0t
L∑
j=1
λj (t) pˆ
†
j |Ω〉 , (D7)
with λj (t) := λje
−2iEjt. We investigate the time evolution of the particle current between sites j − 1 and j:
Ij (t) := 〈Ψ (t) |Iˆj |Ψ (t)〉 =
〈Ψ˜ (t) | − iJ (cˆ†j cˆj−1 − cˆ†j−1cˆj)|Ψ˜ (t)〉
〈Ψ˜ (t) |Ψ˜ (t)〉 = −2J ×
Im
[
〈Ψ˜ (t) |cˆ†j−1cˆj |Ψ˜ (t)〉
]
〈Ψ˜ (t) |Ψ˜ (t)〉 .
(D8)
We note that
〈Ψ˜ (t) |Ψ˜ (t)〉 = e−2 Im[E0]t
L∑
m,n=1
λ∗m (t) 〈Ω|pˆmpˆ†n|Ω〉λn (t) = e−2 Im[E0]t
L∑
m,n=1
λ∗m (t)Xmnλn (t) , (D9)
where pˆm is expanded as pˆm =
∑L
l=1 [Xmlqˆl + Ymlqˆ
†
l ]. The coefficient matrix Xmn is determined from
δmn = {pˆm, qˆ†n} =
L∑
l=1
Xml{qˆl, qˆ†n} =
L∑
l=1
Xml
(
ATA∗ +BTB∗
)
ln
(D10)
to be Xmn = [(A
TA∗ + BTB∗)−1]mn. Here the appearance of off-diagonal elements in Xmn is a consequence of the
nonorthogonality in non-Hermitian systems; indeed, we have Xmn = δmn in the Hermitian limit. Next we notice that
〈Ψ˜ (t) |cˆ†j−1cˆj |Ψ˜ (t)〉 = e−2 Im[E0]t
L∑
m,n=1
λ∗m (t)M
j
mnλn (t) , (D11)
with
M jmn := 〈Ω|pˆmcˆ†j−1cˆj pˆ†n|Ω〉
=
L∑
k,l=1
〈Ω|pˆm
(
A∗j−1,kpˆk −B∗j−1,kqˆ†k
)(
Ajlpˆ
†
l −Bjlqˆl
)
pˆ†n|Ω〉
=
L∑
k,l=1
A∗j−1,kAjl 〈Ω|pˆmpˆkpˆ†l pˆ†n|Ω〉 −B∗j−1,m
L∑
l=1
Ajl 〈Ω|pˆ†l pˆ†n|Ω〉 −Bjn
L∑
k=1
A∗j−1,k 〈Ω|pˆmpˆk|Ω〉+B∗j−1,mBjn.
(D12)
Here,
Zij := {qˆi, pˆj} =
L∑
m,n=1
{Amicˆ†m +Bmicˆm, −B∗nj cˆn +A∗nj cˆ†n} =
(
BTA∗ −ATB∗)
ij
, (D13)
and we have
〈Ω|pˆmpˆk|Ω〉 =
L∑
l=1
Xml 〈Ω|qˆlpˆk|Ω〉 =
L∑
l=1
XmlZlk = (XZ)mk . (D14)
Moreover, using Wick’s theorem,
〈Ω|pˆmpˆkpˆ†l pˆ†n|Ω〉 = 〈Ω|pˆmpˆk|Ω〉 〈Ω|pˆ†l pˆ†n|Ω〉 − 〈Ω|pˆmpˆ†l |Ω〉 〈Ω|pˆkpˆ†n|Ω〉+ 〈Ω|pˆmpˆ†n|Ω〉 〈Ω|pˆkpˆ†l |Ω〉
= (XZ)mk ((XZ)
†)ln −XmlXkn +XmnXkl.
(D15)
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Hence M jmn is determined as
M jmn = [A
∗(XZ)T ]j−1,m [A (XZ)†]jn − [AXT ]jm[A∗X]j−1,n + [A∗XAT ]j−1,jXmn
−B∗j−1,m(A (XZ)†)jn − (A∗(XZ)T )j−1,mBjn +B∗j−1,mBjn,
(D16)
and the particle current is obtained as
Ij (t) := 〈Ψ (t) |Iˆj |Ψ (t)〉 = −2J ×
∑L
m,n=1 Im
[
λ∗m (t)M
j
mnλn (t)
]∑L
m,n=1 λ
∗
m (t)Xmnλn (t)
. (D17)
Appendix E: Details on PT-symmetric fermionic system with two sites
Equation (33) can be represented as
Hˆ
(2)
PT := −
(
cˆ†1 cˆ
†
2
)H( cˆ1
cˆ2
)
, H :=
(
iγ J
J −iγ
)
. (E1)
The eigenvalues of H are E = ±
√
J2 − γ2, and thus the PT-transition point lies at γ = J . We first consider the
PT-unbroken phase (γ < J), where the normalized eigenvectors are given by
|±〉 = 1√
2
(
1
±
√
1− (γ/J)2 − iγ/J
)
. (E2)
We define the quasiparticles by (
pˆ†1 pˆ
†
2
)
:=
(
cˆ†1 cˆ
†
2
)
V,
(
qˆ1
qˆ2
)
:= V −1
(
cˆ1
cˆ2
)
, (E3)
with V := (|+〉 , |−〉). The operators which characterize these quasiparticles satisfy the anticommutation relations
given by Eq. (35), and the Hamiltonian is diagonalized as Eq. (34). The relationship between pˆj and qˆj , which is
given by Eq. (36), can be straightforwardly calculated from Eq. (E3). The unnormalized wavefunction |Ψ˜ (t)〉 :=
e−iHˆPTt |Ψ (0)〉 evolves into
|Ψ˜ (t)〉 =
(
λ1e
i
√
J2−γ2tpˆ†1 + λ2e
−i
√
J2−γ2tpˆ†2
)
|Ω〉 , (E4)
and we obtain
〈Ψ˜ (t) |Ψ˜ (t)〉 = 1 + 2γ
J
Im
[
gλ∗1λ2e
−2i
√
J2−γ2t
]
,
−i 〈Ψ˜ (t) |(cˆ†2cˆ1 − cˆ†1cˆ2)|Ψ˜ (t)〉 = Im [g] + 2 Im
[
gλ∗1λ2e
−2i
√
J2−γ2t
]
,
(E5)
which leads to Eq. (38). In the PT-broken phase (γ > J), on the other hand, the normalized eigenvectors of H are
|±〉 = 1√
N±
 1
i
(
±
√
(γ/J)
2 − 1− γ/J
) , N± := 2γ
J
(
γ
J
∓
√( γ
J
)2
− 1
)
. (E6)
The unnormalized wavefunction evolves into
|Ψ˜ (t)〉 =
(
λ1e
−
√
γ2−J2tpˆ†1 + λ2e
√
γ2−J2tpˆ†2
)
|Ω〉 , (E7)
and we obtain
〈Ψ˜ (t) |Ψ˜ (t)〉 = |λ1|2 e−2
√
γ2−J2t + |λ2|2 e2
√
γ2−J2t +
2J
γ
Re [λ∗1λ2] ,
−i 〈Ψ˜ (t) |(cˆ†2cˆ1 − cˆ†1cˆ2)|Ψ˜ (t)〉 =
J
γ
(
|λ1|2 e−2
√
γ2−J2t + |λ2|2 e2
√
γ2−J2t +
2γ
J
Re [λ∗1λ2]
)
,
(E8)
13
which leads to
〈Ψ (t) |Iˆ|Ψ (t)〉
J
=
J
γ
× |λ1|
2
e−2
√
γ2−J2t + |λ2|2 e2
√
γ2−J2t + 2 (γ/J) Re [λ∗1λ2]
|λ1|2 e−2
√
γ2−J2t + |λ2|2 e2
√
γ2−J2t + 2 (J/γ) Re [λ∗1λ2]
(t→∞) . (E9)
Hence we obtain Eq. (41).
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